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Abstract 

We prove that a generic complete intersection Calabi-Yau 3— fold defined by 
sections of ample line bundles on a product of projective spaces admits a conifold 
transition to a connected sum of S 3 x S 3 . In this manner, we obtain complex 
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1 Introduction 

In this paper, we deal with conifold transitions for some complete intersection 
Calabi-Yau 3— folds in products of projective spaces. Let us first recall some notions. 

Definition 1 ([H]). Let Y be a Calabi-Yau threefold and <f> : Y Y be a birational 
contraction onto a normal variety. If there exists a complex deformation (smoothing) 
of Y to a smooth complex threefold Y , then the process of going from Y to Y is called 
a geometric transition and denoted by T(Y,Y ,Y). A transition T(Y,Y ,Y) is called 
conifold if Y admits only ordinary double points as singularities and the resolution 
morphism <f> is a small resolution (i.e. replacing each ordinary double point by a smooth 
rational curve). 



Note for a conifold transition T(Y,Y ,Y), the exceptional set of the morphism <f> 
is several pairwise disjoint smooth rational curves each with normal bundle 0{— 1) © 
0{— 1) in Y" and conversely, given a finite set of pairwise disjoint smooth rational curves 
each with normal bundle 0(— 1)©0(— 1) in Y, we can contract them to get Y admitting 
only ordinary double points as singularities. The smoothing of Y has been studied by 
several people. For example, we have the following theorem: 

Theorem 1. Let Y be a singular threefold with I ordinary double points as the only 
singular points pi, . . . ,pi. Let Y be a small resolution of Y by replacing pi by smooth 
rational curves Cj. Assume that Y is cohomologically Kahler and has trivial canonical 
line bundle. Furthermore, we assume that the fundamental classes [Cj] in H 2 (Y;Qy) 
satisfy a relation SjAjfCj] = with each Aj nonzero. Then Y can be deformed into a 
smooth threefold Y . 

The above theorem is taken from [12J. Y. Kawamata has proven similar results. A 
special case of the above theorem was obtained by R. Friedman in [3]. 

The conifold transition process was firstly (locally) observed by H. Clemens in [2J, 
where he explained that locally a conifold transition is described by a suitable S 3 x D% 
to S 2 x D4 surgery. Roughly speaking, the conifold transition T(Y, Y, Y) from Y to Y 
kills 2— cycles in Y and increases 3— cycles in Y. For a precise relation between their 
Betti numbers, one can consult Theorem 3.2 in [11]. In Theorem [IJ if the fundamental 
classes [Cj\ generates H 4 (Y;C), then we would have = 0. By results of C.T.C. 

Wall in [15], Y would be diffeomorphic to a connected sum of S 3 x S 3 , and the number 
of copies is ^p- + l-b 2 (Y). The precise statement of a particular case of Wall's result 
is: 

Theorem 2. (^) Suppose M is a simply connected compact differential manifold with 
dimension 6. If H^iM; Z) = 0, and H^(M; Z) is torsion free. Then M is diffeomorphic 
to a connected sum of S 3 x S 3 . 

R. Friedman [3], Lu and Tian [9] considered conifold transitions for quintics in 
P 4 . Using Theorems [T] and O they obtained complex structures with trivial canonical 
bundles on the connected sum of m copies of S 3 x S 3 for each m > 2. In view of 
the following Corollary Q3 we also obtained complex structures with trivial canonical 
bundles on some connected sums of S 3 x S 3 . 

In this paper, we will prove that a generic complete intersection Calabi-Yau 3— fold 
defined by sections of ample line bundles in a product of projective spaces also admits 
a conifold transition to a connected sum of S 3 x 5 3 . 
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Let X 



VI 1 1 



X • • • X 



%h be a product of projective spaces of dimension Yli=i n i 



m + 3, with rn > 1. 



Take ample line bundles on 



5(9; 



7r^Op".fc (d^ ), where 



7Tj : X — > P nj is the natural projection, and d^- > 0, VI < j < k, 1 < i < m. 

In this case, by Bertini's theorem, we know that the complete intersection Y defined 
by generic sections Sj £ H°(X, Li)(l <i< m): Y = {p <E X : Si(p) = 0, VI < i < m.} 
is a smooth subscheme of X, and dimY = 3. If the lines bundles satisfy the Calabi-Yau 
condition: 



£4 

i=l 



+ l,Vj = 1, 



Then y is a Calabi-Yau 3— fold. And in this case we call Y is a complete intersection 
Calabi-Yau 3— fold (CICY) in X with configuration matrix: 



/ d[ 



(i) 



D 



d 



(m) 



d 



1" \ 



(m) 



Since .H2(X;Z) = Zei © • • • ffi Ze/% is a free Z— module with rank k, where ei is a 
generator of ^(P* 1 *; Z) ~ Z, for 1 < i < fe. We call a smooth rational curve C in X has 
degree (di, • • • , dfc) if the fundamental class of C in X satisfies: [C] = d\e% + • • • + d^e^. 

Our main result is the following: 



Theorem 3. Let X 



VU\ 



x • • • x ¥ nk be a product of projective spaces of dimension 



i=l 



n, 



m + 3, urai/t m > 1. Fix a configuration matrix 



( d? 



D 



(m) 



7« 



with > 0(V1 < j < k, 1 < i < m) and satisfying the Calabi-Yau condition 
^2iLidj = n i + l(Vj = 1, • • • ,k), then a generic complete intersection Calabi-Yau 
3— fold Y in X with configuration matrix D contains k + 1 pairwise disjoint smooth ra- 
tional curve Ci(l <i< k + 1) such that the normal bundle Nc it Y — 0pi(— l)©0pi(— 1) 
(VI < i < k + 1), the degree of Cj is (0, ■ ■ ■ , 0, 1, 0, ■ ■ ■ ,0), where 1 is at the i—th place, 
VI < i < k, and the degree of Ck+i is (1, - ■ ■ ,1). 

Corollary 1. For a generic complete intersection Calabi-Yau 3— fold Y as in Theorem 
El Y admits a conifold transition to a connected sum of S 5 x S 5 . 
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Proof of the Corollary: 

We verify the k+1 curves in Theorem[3]satisfy the conditions in Theorem[TJ Since Y 
is a complete intersection by sections of very ample line bundles, Lefschetz's hyperplane 
theorem implies H 2 (Y;Z) ~ H 2 (X;Z). By Poincare Duality, H 2 (Y;Z) ~ H 4 (Y;Z), 
then it is easy to verify the cohomology relation in Theorem [T] is satisfied by the k + 1 
rational curves in Theorem EJ So we can apply Theorem [TJ 

Using the analysis of homology groups of Y and Y in [11] , one can show that after 
the conifold transition of Y, the manifold Y satisfies the hypothesis in Theorem [2 This 
finishes the proof of the corollary. □ 

In [5], P.S.Green and T.Hiibsch proved that the moduli spaces of complete intersec- 
tion Calabi-Yau 3— folds in products of projective spaces were connected each other by 
conifold transitions. But their results do not imply that a generic complete intersection 
Calabi-Yau 3— fold admits a conifold transition to a connected sum of S 3 x S 3 . In [14 , 
C. Voisin proved that, among other results, that for a Calabi-Yau 3— fold, the integral 
homology group is generated by the fundamental classes of curves in it. In |7j and 
[8], the authors studied the existence of isolated smooth rational curves in a generic 
complete intersection Calabi-Yau 3— fold in a projective space. So a natural problem 
is that whether their results can be generalized to complete intersection Calabi-Yau 
3— folds in a product of projective spaces. Our results can be viewed as an attempt 
towards that problem. 

The paper is organized as follows: 

In section [21 we prove a general proposition for the existence of isolated smooth 
rational curves in a family of Calabi-Yau 3— folds. 

In section El we recall a deformation proposition about isolated smooth rational 
curves in Calabi-Yau 3— folds. 

In section 21 we combine the results in the preceding two sections and specialize 
them to the case of complete intersection Calabi-Yau 3— folds in a product of projective 
spaces, then we get the existence of k + 1 isolated smooth rational curves as in Theorem 

El 

In section \5\ we analyze the dimension of some incident variety and prove that 
the k + 1 smooth rational curves in Theorem [3] are pairwise disjoint, then this would 
complete the proof of Theorem El 
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2 A general lemma for existence of isolated rational curves 

In this section, we consider a complex projective smooth variety X and define two 
closed subvarieties C C Y by complete intersections of sections of line bundles. Then 
in some cases, we will compute the normal bundle Nq,y of C in Y. 

Suppose X is a complex projective smooth variety with dimension m + 3, m > 1. 
Li(l < i < m) and Lj(l < j < m + 2) are invertible sheaves on X. Given non-zero 
sections Sj G H°(X,Lj), for 1 < j < m + 2. Then these sections generate a sheaf of 
ideal Ic = Yl^i ® x ^3 on X: locally 1q = J2Y=i ® x h-> wnere Sj = fjij and ej is a 
local frame of the invertible sheaf Lj, 1 < j < m + 2. Suppose the closed subscheme 
C defined by Ic is a smooth rational curve: C ~ P 1 and moreover, the m + 2 sections 
< j < m + 2) is a regular sequence at each point of C, that is, for any closed point 
p G C, if around p, Sj = /^e^ and is a local frame of the invertible sheaf Lj, then the 
local regular functions fj(l < j < m + 2) constitute a regular sequence at p. 

Let Lji = Li ®o x LJ 1 , an d suppose dji = degLji\c > 0, VI < i < m, 1 < j < m + 2. 
Given sections Sjj G H°(X, Lji), we get sections Sj = X^j=i 2 ® s i* e H°(X,Li), 
VI < i < m, 1 < j < m + 2. Similarly as for i^, the sections Sj also generate a sheaf 
of ideal ly = YliLi @xSi, and ly determines a closed subscheme Y of X. By the 
definition of S{, we have ly C Ic* and CcF. 

Now fix a linear subspace Vji C H°(X, Lji), for each 1 < i < m,l < j < m + 2 and 
suppose they satisfy the following three conditions: 

• For any fji £ H° (F 1 , Of>i (dji)) , there exists a Sjj G Vjj, such that = fji , 
VI < i < m, 1 < j < m + 2. 

• For generic choice of Sjj G Vjj, 1 < i < m,l < j < m + 2, the m sections 
s « = SjS. 2 & j ® s ji e H°(X, Li) (I < i < m) is a regular sequence at each point 
of C, and C is located in the smooth locus of the subscheme Y defined by the 
sheaf of ideal ly = YliLi ®xSi- 

• EJl~i 2 degLj\c = YT=i de 9 L i\c ~ 2. 

Under the above hypothesis, we have the following proposition: 
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Proposition 1. For generic choices of Sji G Vji, 1 < i < m,l < j < m + 2, the normal 
bundle N c ,y ^ Ppi(-l) ©Opi(-l). 

Proof. In general, if X\ is a complex smooth subvariety located in the smooth locus of 
a complex variety X2 , and the sheaf of ideal of X2 defining X\ is Ix 1 , then we have 
jtHxi — N Xi x 2 ' w here N Xi X2 = T^ om Ox 1 (^x 1 ,x 2 ^x 1 ) is the conormal bundle of 
Xi in X 2 . 

Now C C Y C X , C, X are smooth and C is located in the smooth locus of Y, so 
we have the following exact sequence: 

Ny,x\c ^ N^ x ^ N^ Y ^0 
On the other hand, we have the following isomorphisms: 

t * I f\c Iy,X I it* I 

©i=l^i |C ► |C - A/y jX |c 

1 c,x 

where ^ : ©JliL f -|y -> ^ and : ffi"!+ 2 Z*| c -> ^ are defined as follows: 
v( e i 1^) = /«> VI < i < m, where is a local frame of Lj and Sj = /jej. 
¥K^|cO = /j) VI < j < m + 2, where is a local frame of Lj and Sj = fj&j- 

It is easy to verify that the homomorphisms 92 and (p are well-defined and both are 
surjective. Since I -^-\c and ®7L\L\\c are locally free sheaves on C with the same rank 

1 Y,X 

(here we have used the hypothesis that {st}^ is a regular sequence at each point of 
C), we get that ip \c is an isomorphism. Similarly, (p is an isomorphism. 

In view of the above exact sequence and the isomorphisms, we get the following 
exact sequence of locally free sheaves on C : 

®T=lL*\c ->• ®T=l L *j\c N*c, Y -> 
Applying Homo c {-,Oc) to this exact sequence, we get the exact sequence 

-> iV Cl y -> ©^%-|c ^ ©^i^lc (1) 



The homomorphism ?/> is determined as following: 
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where Lj : Lj\c (B^J'iL'jlc is the natural inclusion, tt{ : ©^Li-^ilc — > Li\c is the 
natural projection, and e~j is a local frame of Lj. 

Finally, Proposition Q] is a consequence of the following lemma applied to the exact 
sequence (H|). 

□ 

Lemma 1. Suppose M = ©^Cfs, t]ei, N = ©™l^ 2 C[s, t]Sj are graded free C[s, t] — modules 
with rank m and m + 2 respectively. Suppose YlJ^i degej = degei + 2 and 

dji = dege~j — degei > 0, VI < i < m, 1 < j < m + 2. Then the kernel of a generic 
homomorphism <p : N -+ M as graded C[s,t] — modules is a free C[s, t] — module and 
Ker<p ~ Cfsjtje^ © C[s,t]e 2 , wf/i de^e^ = dege 2 = 1. 

.f/ere generic means that if we write <p(e-j) = Y^iLi fji e i> where fu is a homogenous 
polynomial of s,t with degree dji, then the coefficients of fji are chosen generically, 
VI < i < m, 1 < j < m + 2. 

Proof. Taken homogenous polynomials fji of s,t with degree dji, 1 < i < m, 1 < j < 
m + 2. Then we get the associated homomorphism ip : N -+ M, <£>(ej) = X^S=i /i« e i- 
Denote the kernel Ker<p as L, then as a vector space over C, we have L = ffi/gzL;, 
where is the degree I part of L and by definition, 

m+2 

L/ = dj&jldj 1S a homogenous polynomial of s,t with degree dj, 

3=1 

m+2 

dj + degej = I, VI < j < m + 2. /j'iS'j = 0, VI < i < m.} 

3=1 

So in order to prove this lemma, it suffices to prove that, for generic choices of the 
homogenous polynomials fji'. 

dimcLi = 0, if I < 0; 
dimcLi = 21, if / > 0. 

Now we analyze the linear space Li. 

Since deggj = dj > 0, degfji = dji > 0, we can write: 

k=0 
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0) „k + dji-k 



k=0 



where bj k \a^ are coefficients of gj,fji respectively. 



Then 



where the matrix Aji is: 



A 



( a (0) 

' a ji 

(1) (0) 
a )i a 3i 



(dji) 



(0) 



Then it is easy to see that L\ can be identified with the space of solutions of the 



following system of linear equations for b 



( 



A ■ 



(*). 



bi 



where 



/ A n A 



A = 



21 



\ A lm A 



2m 



\ b m+2 ) 

A m +2 
Am-\-2,m J 



, b j = 


( b f 








) 


{ bf j) 


) 



It is then an elementary exercise to show that the above matrix A has full rank for 
generic polynomials fji, 1 < i < m, 1 < j < m + 2. So the dimension of its solution 
space is equal to the difference of the number of its columns and the number of its rows. 

The number of columns of the matrix A is : 

m+2 

^ d j + m + 2 

3=1 
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The number of rows of the matrix A is: 

m 

y^(rfj + dji) + m 

i=l 

Recall dj + degij = I, dji = dege~j — degei, so dj + dji = I — degei, VI < i < m, 1 < j < 
m + 2. Then: 

the number of columns of A — the number of rows of A 

m+2 m 

= Y J d 3+ m + 2 - (52( d J + dji) + m ) 

3=1 i=l 

m+2 m 

= — dege~j + (m + 2)/ + m + 2 — (— (ie^ej + m/ + m) 

j=l i=l 

= 2/ 

This is just what we want. So we have proven this lemma. □ 

Remark 1. In the appendix of S. Katz computed the normal bundles of rational 
curves with d < 3 on a quintic 3— fold. Our proof of Proposition [I] is motivated by the 
computations there. 

3 A deformation property 

In this section, we will prove that for a flat family of varieties, if a member of this 
family contains a smooth rational curve with normal bundle Opi(— 1) © 0pi(— 1), then 
a generic member of this family also contains such a rational curve. This proposition is 
a direct consequence of infinitesimal properties of Hilbert schemes and is more or less 
well known, so we will just state the proposition in a form that we will use and briefly 
indicate the proof. 

Proposition 2. Suppose X is a smooth projective complex variety with dimension 
m + 3, m > 1. Lj(l < i < m) are line bundles over X, and £ H°(X,Li) is a 
section of Li, for each 1 < % < m. Let Yq be the subscheme defined by the sheaf of ideal 
Iy = ^^i^xs'i- Suppose that there is a smooth rational curve Cq contained in the 
smooth locus ofY$. {s-}^ is a regular sequence at each point of Cq and the normal 
bundle N Co ,y ^ O p i(-1) © £> P i(-l). 

Then for a generic section Si £ H°(X, < i < m), the subscheme Y defined by 
the sheaf of ideal ly = Y2i=i ®xSi contains a smooth rational curve C in its smooth 
locus and the normal bundle Nc,y — C'p 1 ! - 1) © Cp^ - !)• 
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Proof. Let S = H (X, L\) X • • • X H°(X, L m ) be the parametrization space for sections 
of < i < m). Consider the following universal family: 

y — ► X x S 



S 5 

where tt2 is the natural projection to S, and i : y — > X x S is a closed embedding, 
defined by a sheaf of ideal Iy such that at each point p of Xx S, if ^(p) = (s%, ■ ■ ■ , s m ) £ 
5, then is generated by si, • ■ ■ , s m at p. (Let 7Ti : X x S 1 — > X be the natural 
projection, then after the pulled back by tt±, Sj can be viewed as a section of vrJLj.) 

Consider the open subscheme U of y such that ir\u : £Y — >■ S 1 is a smooth mor- 
phism. By the hypothesis, Co C U. Then by Corollary (2.14) of [13j and the fact that 
H 1 (P 1 , Tpi ) = 0, we know that for a generic point p of S, the fiber ZY P = tt]^ 1 (p) contains 

a smooth rational curve Cp. SincG (ppi (-1) eo P i (-i), Opi (-i)eo P i (-i)) = o, 

the rank 2 bundle Opi(— 1) Opi(— 1) on P 1 is infinitesimally rigid, so we get that for 
a generic point p of S, the normal bundle Nc p ,u p — Cp 1 ( — 1) © Cp 1 ( — !)• D 



4 Existence of rational curves in CICYs 

Now we specialize the results in the preceding sections to Calabi-Yau 3— folds in a 
product of projective spaces. We will construct line bundles Li, Lj, subspaces Vji of 
H°(X, Lji) and sections Sj of Lj as in section [2j Then we show these data satisfy the 
conditions of Proposition [TJ 

Let X = P™ 1 x • • • x P™ fc be a product of projective spaces of dimension Yli=i n * = 
m + 3, with m > 1. 

Take line bundles on X: Li = 7r|(Dpni(^ ) <8>o x • • • ®o x 7r^Opn fc (dj. ), where ttj : 

(i) 

X — > P nj is the natural projection, and d - > 0, VI < j < k, 1 < i < m. 
Suppose the line bundles satisfy the Calabi-Yau condition: 

m 

Y^df =n, + l,Vi = l,-- - ,k. 
Then as we shown in section [H generic sections Sj G H°(X, Li)(l < i < m) define 
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a complete intersection Calabi-Yau 3— fold (CICY) in X with configuration matrix: 

/ d? ... 4" \ 



D 



\ d 



(m) 



4 m) / 



Denote the homogenous coordinates of P n -> by (X/o> ■ ■ ■ ,Xj nj ), j = 1, 
these coordinates together we get the homogenous coordinates on X: 



, k. Patch 



(-XlOj • ' ' , -X"lni ; -Y 2 q, ' ' ' > X2n 2 '■> " " " 5 -YfcCb " " " > 



"fey 



Consider the following smooth rational curve C in X with degree (1, 0, • • • ,0): 



X 



(*,*)-► (a, t, (),■■■ ,0;1,0,--- ,();••• ;1,0,--- ,0) 

As in section [2j this curve is defined by the following sections of line bundles: 
Li = 7rjO(l),Si = X 12 G H\X,L X ) 
L 2 = 7r*0(l), s 2 = X 13 G L 2 ) 

•t'ni-l = 7T*C(1), S ni _i = Xi ni G H°(X, L ni -i) 
L ni = <K* 2 0(l),s ni = X 21 G H°(X,L ni ) 

L ni +n 2 -l = 7r 2^'(-'-)' Sn 1+ n 2 -l = A" 2n2 G i?°(X,L„ 1+n2 _i) 



J m—n k +l 



i-'m— nu 



+1 



L m = n* k O(l), s m = X knk G L m ) 

Now we define the linear subspaces Vjj of H°(X,Lji), where Lji = Li <&o x , for 
1 < i < m, 1 < j < m + 2. Note that dji = degLji\c > 0. 

For each 1 < i < m, we define the the linear subspaces Vji of H°(X, Lji) in the 
following way: 

For 1 < j < m - 1, = {/(Xio,Xn)X 2 ^ • • • X fc * : f(X w ,X u ) is a homogenous 

polynomial of Xiq, X\\ with degree df — 1.} 
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For ni < j < n x + n 2 - 1, % = {f(X 10 ,X n )X$ ^ • • • : /(X 10 , X n ) is a 



For m - n k + 1 < j < m, Vji ={f(X 10 ,X n )X^ ■ ■ ■ X^X^ 1 : f(X 10 ,X n ) is a 



Then it is direct to verify that all the data we have just defined: the line bundles 
Li, Lj, the sections §j, the rational curve C and the spaces Vji satisfy the hypothesis 
in proposition [TJ 

Similarly, for each 1 < j < k, we can get a smooth rational curve with degree 
(0, • • • , 0,1,0, ••■ ,0), where 1 is at the j— th place, and all the data satisfying the 
hypothesis in Proposition [TJ 

As for smooth rational curves with degree (1, • • • ,1), We can also get the data 
satisfying the hypothesis in Proposition [TJ We just give the rational curve C and the 
sections of line bundles defining C. The subspaces Vji can be defined in a similar way 
as before. 

Define the curve C as 



homogenous polynomial of X\q,X\\ with degree d\ .} 



homogenous polynomial of X\q,Xu with degree d\ .} 



P 1 ->■ X = P™ 1 x • • • x P" fc 



(s,t) -> (M,0,--- 



0; s, t, 0, • • • , 0; • • • ;s,t,0 



••• ,0) 



The sections of line bundles defining C : 



U = <0{l) ® 0x 7i£0(l),Si = x w x 21 - X n X w G H°(X,Li). 



L 2 = ^lO(l)® 0x vr 3 *0(l),S2 



^10^31 — XnXw G H°(X,L2). 



L fc _x = 7^0(1) ®O x 7T|EO(l),5 fc _i 



-Xio-Xfci — XuXko G H°(X, Lk-i). 



L k = %ZO{l),5 k 



X 12 eH°(X,L k ). 



L m = n* k O(l),s, 



rn 



Xkn k ^ H (X, L 

m J ■ 



Finally, by Propositions [JJ and [2J we get the following: 
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Proposition 3. Let X 



Dm 



lk be a product of projective spaces of dimension 



E 



t=i 



rtj = m + 3, with m > 1. Fix a configuration matrix 

( 4 ] ■ 



D 



4 ] \ 



(m) 



4 m) / 



TOi/i c^- > 0(V1 < j < k, 1 < i < m) and satisfying the Calabi-Yau condition 



E 



m 7 

i=l d J 



(i) 



+ l(Vj 



1. 



,k), then a generic complete intersection Calabi-Yau 



3— fold Y in X with configuration matrix D contains k + 1 smooth rational curves 
Ci(l <i<k + l) such that the normal bundle N Cu y — P i(-l) © O p i(-1)(V1 < % < 
k + 1), the degree of Ci is (0, • • • , 0, 1, 0, • • • , 0), where 1 is at the i—th place ; V1 < i < k, 
and the degree of Ck+i is (1, • • • ,1). 



5 Pairwise disjointness of rational curves 

In this section, we will show that the k + 1 smooth rational curves in Propo- 
sition [3] are pairwise disjoint. Let us introduce some notations. We denote et = 
(0, • • • , 0, 1, 0, • • • , 0) £ Z fc to be the i—th standard base of where 1 is at the i—th 
place, for 1 < i < k. Let e = (1, • • ■ , 1) £ Z fc . Then we have the following proposition: 



Proposition 4. Let X 



x ... x f> n k a p ro duct of projective spaces of dimension 



n; 



m + 3, with m > 1. Fix a configuration matrix 



( 4 



(i) 



D 



(m) 



4 m) i 



with dfp > 0(V1 < j < k, 1 < i < m) and satisfying the Calabi-Yau condition 
^2iLidj = rij + l(Vj = 1, • • • , k), then a generic complete intersection Calabi-Yau 
3— fold Y in X with configuration matrix D does not contain two smooth rational curve 
C\ and Ci such that: 



The normal bundle N Ci ,y ^ Cpi(-l) © P i(-l) ; Vi = 1,2. 



The degree of Ci is in the set {e\ , • • • , e/%, e }, Vi = 1, 2, and i/te degrees of C\ 
and Ci are not equal to each other. 



c x c\C 2 + 
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Proof. Firstly we collect the coefficients of the homogenous polynomials defining the 
CICYs to get a parametrization space for CICYs in X. 

As before, denote the homogenous coordinates on X as: 

(Xiq,--- , Xi ni ; X20, ■ ■ ■ ,X2n 2 ; mmm ',X k0 ,--- ,^kn k ) 

If d±, ■ ■ ■ ,d k are nonnegative integers, define V( dlj ... )dfc ) to be the following linear space: 

^(di,- ,d fc ) = {f(Xio, ■ ■ ■ , Xi ni ;X 2 o, • • • , X 2n2 ', • • • ; X k0 , • • • , X krik ) e C[X 10 , • • • , X knk ] : 
f is homogenous with respect to X;o, • • • , Xi n% with degree di, VI < i < k.} 
= H°(X, irlOe^ (di) ® Gx ■ ■ ■ ®o x n* k 0^ k (d k )) 
where iTj : X — > F n i is the natural projection, for 1 < j < k. 

Let My = K m (iv x • • • x V. ( m ) Am),- Then My is obviously a parametriza- 

(d 1 ,a k ) (d 1 ,d k ) 

tion space for CICYs in X with configuration matrix D. 

Now we construct a parametrization space for rational curves in X with a fixed 
degree (di, • • ■ , <4), where dj > 0, VI < i < k. Any such a rational curve is an image 
of the following morphism: 

P 1 -» X = P ni x • • • x F nk 

(s,t) (X 10 (s,t),--- ,X lni (s,t);--- ;X k0 (s,t),--- ,X knk (s,t)) 

where Xij(s, t) is a homogenous polynomial of s, t with degree di, VI < % < k, < j < 

m. 

Let M(di,-,d k ) De the parametrized rational curves with degree (di, ■ ■ ■ ,d k ): 
M( dl ,...,d k ) = {/ : IP 1 -> A" I the degree of / is (di,-- - ,d fe ).} 

Clearly ■M(di,— ,d k ) ls a q uas i _ P ro j ec tive variety in a natural way. And we let 
^(di,-,d fc ) be the nonempty Zariski open subset of .M^...^) whose elements repre- 
sent smooth rational curves in X with degree (di, • • • , d^). 

If {d^, • • • ,d' fc } is another set of nonnegative integers, let 

^(fcjw = {(/i./^%,,4)xW (d ;,... i4) |/i(P 1 )n/ 2 (P 1 )^} 

Then AlL*'...'^ parametrizes intersecting smooth rational curves with degree 
(di, • • ■ , dfc) and (d' l5 • • • , d' fc ) respectively. 

Now construct the incident variety: 
1= {(91, ■ ■ ■ ,9m, fuh) G My x M^J^ : ftl/^pi) = ftl/ 2 (pi) = 0,V1 < i < m.} 
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So I is a parametrization space for the set of tripes (Y, C±, C2), where Y is a CICY 
in X with configuration matrix D, C\ and C 2 are smooth rational curves in X with 
degree (d\, ■ ■ ■ , dp.) and (d 1 , - ■ ■ , d k ) respectively, C\ n C2 / 0, and Ci C Y, C 2 C Y. 

Let 7Ti : X -> .My and vr 2 : Z -»• A^I^j 

be the natural projections. In order to 
prove the proposition, it suffices to prove dimlmni < dimMy, where (d\, ■ ■ ■ ,dk) and 
(d' 1 , ■ ■ ■ , d' k ) are two distinct elements in the set {e± , • • • , it, 1^}. 

Since for each Y € My, the fiber 7rj~ 1 (Y) represents all pairs of parametrized 
smooth rational curves in Y intersecting each other and with degree (d±, ■ ■ ■ ,d k ) and 
(cti, ■ ■ ■ ,d' k ) respectively. Since each smooth rational curve has a reparametrization 
with dimension dimAutF 1 = 3, so we have the following equality: 

dimlmiTi < dimX — 6 

(^'•••4) + m ax{dimiT2 1 (p^ • c A//( d i'"'' d fc)' 
So it suffices to prove the following inequality: 

dimM^JJ^l — 6 + max{dinni2 l {p) ■ p € AfL*'...'^} < dimMy . (2) 

Next we will compute explicitly the dimensions above and prove the inequality 
([2]) in each case that {d\,--- , d}.), (</ l5 • • ■ , (t k ) £ {ef , • • ■ , e£, e} and (di,-- - , djt) 7^ 

(4>--- ,4)- 

Consider the case that (</].,••• , dfc) = ei = (1,0, ••• , 0), • • • ,4) = ^2 = 
(0,1,0,..- ,0). 

In this case, it is an elementary exercise to show that 

dimM^Z. 'd k l - 6 = 2ni + 2n 2 + n 3 H h n k - 2 



Since dimX < dimMT^ ... "dZ + max{dim7r 2 L (p) '■ P € AC^'...'^} 



Since up to a coordinates changing, we can always assume the pair of curves 
L 5 C 2 ) € . 
nates of X: 



(C11C2) € At^'.„' d jS has the following parametrization in the homogenous coordi- 



Ci : (a,t,0,.-- ,0;1,0,--- ,0;1,0,--- , 0; • • • ;1,0,--- ,0) 

C 2 : (1,0,..- ,0;s,i,0,.-. , 0; 1, 0, - - ■ , 0; • • • ;1,0,--- ,0) 
where (s,t) is the homogenous coordinates on P 1 . 

Then we have maxldirmr^ 1 (p) ■ p G AfL*'../^ } = dimir^^Cx, C 2 ). And a direct 
computation shows that: 
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dirmr^ 1 (C 1 ,C 2 ) = dimMy - TT=Mi + d f + l ) 

Note the equality Yli=i n i = m + 3 and the Calabi-Yau condition YliLi dj = 
rij + l(Vj = 1, • • • , k), putting the computations together, we get the inequality (J2J), 
this finishes the proof in the case that (di, ■ ■ ■ , d&) = e.\ = (1, 0, ■ • • , 0), • • • , d' k ) = 
i| = (0,l,0,-- - ,0). 

By the same argument, we get the proof in the case that (di, • • ■ , d&) = e», (d\, ■ ■ ■ , d' k ) = 
e|,i / j, 1 < i,j < k. 

As for the case that (di, ■ ■ ■ , c4) = et, ■ ■ ■ , d' k ) = e ,1 < i < k, the methods are 
similar. We just give the computations in the case that (di, • • • , d^) = et , (d^, • • • , d' k ) = 
e. Other cases are similar. 

In the case that (di, ■ ■ ■ , dk) = el , (d^, • • • , d' fc ) = e , it is not difficult to show: 

ii k 

dimM - 6 = 2^(n, - 1) + 3(& - 1) +m 

i=l 

Through a coordinates changing, the pair of curves (CijOj) 6 A4/^'...'jijj\ has the 
following two cases of parametrization in the homogenous coordinates of X. 

First case :Ci : (s, t, 0, • • • , 0; 1, 0, ■ ■ ■ , 0; • • • ; 1, 0, ■ • • , 0) 

and C*2 : (s, t, 0, • • • , 0; s, t, 0, • • • , 0; • • • ; s, t, 0, • • ■ ,0) 

Second case :C*i : (s, 0, t, 0, • • • , 0; 1, 0, • • • , 0; • • • ; 1, 0, • • • ,0) 

and C*2 : (s, t, 0, • • • , 0; s, t, 0, • • • , 0; • • • ; s, i, 0, • • • ,0) 

It can be verified that in each of the two cases, 

m 

dirmT^ 1 (C 1 ,C 2 ) = dimMy - ^(2df } + df + • • • + df + 1) 

i=i 

Note the equality Y2i=i n i = m + 3 and the Calabi-Yau condition Y2i=i <4^ = 
rtj + l(Vj = 1, • • • ,k), putting the computations together, we get the inequality ([2]), 
this finishes the proof of the proposition. 

□ 
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